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Abstract
We give examples of graphs the majority of whose eigenvalues are at most −1, thus dis-
proving a conjecture of Yong (Linear Algebra Appl. 295 (1999) 73).
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Let G be a simple, undirected graph with n vertices and let λ1  λ2  · · ·  λn
be the eigenvalues of (an adjacency matrix of) G. It is shown in [1] that, for n  2,
λ2 = −1 implies that G is a complete graph, and thus λ2 = λ3 = · · · = λn = −1.
Then in [2] it is shown that, for n  4, λ3 = −1 implies that the complement G
is isomorphic to a complete bipartite graph plus some isolated vertices, or in more
understandable terms, that G has at most two cliques maximal under inclusion, and
thus λ3 = λ4 = · · · = λn−1 = −1. Based on this results, Yong conjectured (see [3,
Conjecture 3]) that, for n  4, if λk = −1 for some k  [n/2], then λk = λk+1 =
· · · = λn−k+2 = −1.
This conjecture is not true: among all connected graphs with n = 9 vertices there
are 24 graphs such that, for k = 4, λk = λ4 = −1, while λn−k+2 = λ7 < −1. For
each of these graphs we give in Table 1 the upper triangular part of the adjacency
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Table 1
Adjacency matrices and eigenvalues of counterexamples
No. Upper triangular part of adjacency matrix
Eigenvalues
1. 00100110 0010101 001011 00110 0101 011 11 1
4.372 1.732 1.732 −1.000 −1.000 −1.000 −1.372 −1.732 −1.732
2. 00101011 0010101 000110 01011 0101 011 11 1
4.647 2.186 0.947 −1.000 −1.000 −1.000 −1.325 −1.683 −1.772
3. 00101011 0010101 001110 01011 0101 111 11 1
5.062 1.947 1.000 −1.000 −1.000 −1.000 −1.330 −1.679 −2.000
4. 00101011 0010111 001100 01011 0111 111 11 1
5.317 1.732 1.000 −1.000 −1.000 −1.000 −1.317 −1.732 −2.000
5. 00100011 0011110 011101 00011 1111 111 11 1
5.516 1.873 0.618 −1.000 −1.000 −1.000 −1.292 −1.618 −2.097
6. 00100111 0011110 011001 00111 1111 111 11 1
5.672 1.732 0.762 −1.000 −1.000 −1.000 −1.300 −1.732 −2.135
7. 00101111 0011100 010011 01111 1111 111 11 1
5.934 1.245 1.000 −1.000 −1.000 −1.000 −1.288 −1.891 −2.000
8. 00101111 0011110 010001 01111 1111 111 11 1
5.988 1.248 0.829 −1.000 −1.000 −1.000 −1.279 −1.671 −2.115
9. 00110011 0001110 001101 10011 0011 111 11 1
5.000 2.303 0.618 −1.000 −1.000 −1.000 −1.303 −1.618 −2.000
10. 00110111 0001010 001001 10111 0111 011 11 1
5.278 1.804 0.618 −1.000 −1.000 −1.000 −1.285 −1.618 −1.798
11. 00110111 0001110 001001 10111 0111 111 11 1
5.597 1.609 0.767 −1.000 −1.000 −1.000 −1.288 −1.685 −2.000
12. 00110111 0101110 011001 11111 1111 111 11 1
6.320 1.131 0.708 −1.000 −1.000 −1.000 −1.262 −1.746 −2.151
13. 00110111 0101111 011000 11111 1111 111 11 1
6.411 0.947 0.618 −1.000 −1.000 −1.000 −1.250 −1.618 −2.108
14. 00111100 0110011 001111 11111 1111 111 11 1
6.275 1.000 1.000 −1.000 −1.000 −1.000 −1.275 −2.000 −2.000
15. 01010111 0101101 010111 01011 0111 011 01 1
5.350 2.160 0.708 −1.000 −1.000 −1.000 −1.466 −1.751 −2.000
16. 01011111 0100101 011111 00011 1111 111 01 1
5.970 1.491 0.618 −1.000 −1.000 −1.000 −1.461 −1.618 −2.000
17. 01011001 0101111 010111 01111 0111 001 11 1
5.552 1.732 1.111 −1.000 −1.000 −1.000 −1.495 −1.732 −2.169
18. 01011011 0101111 010111 01111 0111 011 11 1
5.975 1.732 0.699 −1.000 −1.000 −1.000 −1.675 −1.732 −2.000
19. 01011101 0101111 010011 01111 0011 101 01 1
5.304 2.045 1.000 −1.000 −1.000 −1.000 −1.479 −1.870 −2.000
20. 01011111 0101011 011111 00101 1111 011 01 1
5.877 1.346 1.057 −1.000 −1.000 −1.000 −1.480 −1.660 −2.140
21. 01011111 0101011 011111 00111 1111 011 11 1
6.256 1.426 0.618 −1.000 −1.000 −1.000 −1.618 −1.682 −2.000
22. 01011111 0110111 011111 01011 0111 011 11 1
6.218 1.208 1.000 −1.000 −1.000 −1.000 −1.632 −1.794 −2.000
23. 01011111 0110111 011111 01111 0111 111 11 1
6.610 1.130 0.618 −1.000 −1.000 −1.000 −1.618 −1.740 −2.000
24. 01101111 0111111 011111 01111 1111 111 11 1
7.000 0.618 0.618 −1.000 −1.000 −1.000 −1.618 −1.618 −2.000
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Fig. 1. Graph with eigenvalues 5.248, 1.542, 0.618, 0.618, −1.090, −1.618, −1.618, −1.700 and
−2.000.
matrix in the first row and the eigenvalues in the second row. Since for all these
graphs it is the case that λn−k+1 = λ6 = −1, one might still hope that the conjecture
would become true if we replace the index n− k + 2 by n− k −m, for some fixed
m ∈ N ∪ {−1, 0}.
However, this also cannot be true. Let k+G be the number of eigenvalues of G
greater than −1 and let k−G be the number of eigenvalues of G less than −1. The
original conjecture of Yong can be simply restated as:
for n  4, if k+G  [n/2], then k+G > k−G,
and its weakened version would be:
there exists m ∈ N and n0 ∈ N such that
for n  n0, if k+G  [(n−m)/2], then k+G +m > k−G.
The key point to see that even this weakened form of conjecture cannot be true is
the fact that among all connected graphs on 9 vertices there are exactly 37 graphs
having four eigenvalues greater than −1 and five eigenvalues less than −1. One of
them, denote it by H , is depicted in Fig. 1.
If, for given m ∈ N , we let G to be the union of a > m+ 1 copies of graph
H and b > 0 copies of any graph from Table 1, then n = 9(a + b), k+G = 4a + 3b,
k−G = 5a + 3b, and thus k+G  [(n−m)/2], while k+G +m < k+G + a = k−G.
The graph G is not connected. Therefore, let G′ be a graph obtained by adding a
new vertex adjacent to all vertices of G. Then G′ is connected and from the interlac-
ing theorem, it follows that k+
G′ is equal to either k
+
G or k
+
G + 1, while k−G′ is equal to
either k−G or k
−
G + 1. Thus, we still have k+G′ +m < (k+G + 1)+ (a − 1) = k−G  k−G′ .
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